Let τ be a hereditary torsion theory on the category R-Mod of left R-modules over an associative unitary ring R. We introduce the notion of τ-natural class as a class of modules closed under τ-dense submodules, direct sums, and τ-injective hulls. We study connections between certain conditions involving τ-(quasi-)injectivity in the context of τ-natural classes, generalizing results established by S. S.
Introduction and preliminaries
The language of natural classes of modules appeared in the early 1990s, allowing to unify similar results that hold for some important classes of modules, such as the category RMod of left R-modules, any hereditary torsion-free class of modules, or any stable hereditary torsion class of modules. First, Dauns [2, 3] introduced and studied natural classes for nonsingular modules under the name of saturated classes and, afterwards, Page and Zhou [5, 6] began the study of arbitrary natural classes.
In this paper, we are interested in relativizing the notion of a natural class to the torsion-theoretic framework and discussing connections between conditions on τ-injectivity and τ-quasi-injectivity in the context of τ-natural classes, where τ is an arbitrary hereditary torsion theory on R-Mod. Now we set the notation and terminology. The reference for general module theory is [8] , whereas [1] and [4] will be mainly followed for torsion theories topics. Throughout, R will be an associative ring with nonzero identity and all modules will be left unital Rmodules. We will denote by τ a hereditary torsion theory on the category R-Mod of left R-modules.
If τ and σ are two hereditary torsion theories such that every τ-torsion module is σ-torsion, then it is said that σ is a generalization of τ and it is denoted by τ ≤ σ. A submodule B of a module A is called τ-dense in A if A/B is τ-torsion. A torsion theory τ is called noetherian if for every ascending chain I 1 ⊆ I 2 ⊆ ··· of left ideals of R, the union of which is τ-dense in R, there exists a positive integer k such that I k is τ-dense in
R. A nonzero module A is called τ-cocritical if A is τ-torsion-free and each of its nonzero submodules is τ-dense in A.
A module is said to be τ-injective if it is injective with respect to every monomorphism having a τ-torsion cokernel. For any module A, E(A) and E τ (A) denote the injective hull of A and the τ-injective hull of A, respectively. A module A is said to be τ-quasi-injective if whenever B is a τ-dense submodule of A, every homomorphism B → A extends to an endomorphism of A. A module is τ-quasi-injective module if and only if it is a fully invariant submodule of its τ-injective hull [7, Theorem 4.4] . A τ-quasi-injective hull of a module B is defined as a τ-quasi-injective module A such that B is a τ-dense essential submodule of A. Every module A has a τ-quasi-injective hull, unique up to an isomorphism [ 
τ-(quasi)-injectivity conditions for τ-natural classes
Throughout we will denote by a nonempty class of modules closed under isomorphic copies. We will give the following definition. 
It follows that β j (x) = 0 for every x ∈ I and every j > n. If Proof. It is sufficient to prove that every countable direct sum of τ-injective modules in is τ-injective (see [4, page 384] ). Let A = ∞ i=1 A i be a countable direct sum of τ-injective modules in . Also let I be a τ-dense left ideal of R and let f : I → A be a homomorphism. For each n, denote
We may consider the monomorphism
. Since the codomain of α n is isomorphic to A n+1 ∈ , we have I n+1 /I n ∈ . By hypothesis, there is a positive integer k such that
Corollary 2.6. Let τ be noetherian and a τ-natural class. Then the following statements are equivalent.
(
i) Every direct sum of τ-injective modules in is τ-injective.
(ii) Every ascending chain
(ii)⇒(i). Let I 1 ⊆ I 2 ⊆ ··· be an ascending chain of left ideals of R whose union is τ-dense in R such that each I j+1 /I j ∈ . Since τ is noetherian, there exists a positive integer k such that I k is τ-dense in R. Then I n is τ-dense in R for every n ≥ k. By hypothesis, the chain I k ⊆ I k+1 ⊆ ··· terminates, hence the chain I 1 ⊆ I 2 ⊆ ··· I k ⊆ I k+1 ⊆ ··· terminates. Now use Proposition 2.5.
Following [5] , denote by H (R) the set of left ideals I of R such that R/I ∈ .
Theorem 2.7. Let be a τ-natural class and suppose that every ascending chain
Proof. Let I 1 ⊆ I 2 ⊆ ··· be an ascending chain of τ-dense left ideals in H (R). Then each R/I j ∈ . Since is closed under τ-dense submodules, each I j+1 /I j ∈ . By hypothesis, the above chain terminates.
In what follows, we will establish connections between some conditions involving τ-quasi-injective modules in the context of τ-natural classes.
We need the following lemma, that generalizes a classical result for quasi-injective modules.
Lemma 2.8. A module A is τ-injective if and only if
A ⊕ E τ (A) is τ-quasi-injective.
Proof. The direct implication is obvious. Suppose now that
where i is the inclusion homomorphism and p is the natural homomorphism. Denote j = 1 A ⊕ i and let α 1 :
be the inclusions into A and E τ (A), respectively, let β : A → A ⊕ A be the inclusion into the second summand and let σ :
be defined by σ(a 1 ,a 2 ) = (a 2 ,a 1 ) for every (a 1 ,a 2 ) ∈ A ⊕ A. Now consider the following commutative diagram: (ii)⇒(i). Let A = i∈I A i , where each A i is a τ-quasi-injective module in . By hypothesis, each A i is a τ-injective module in and A is a τ-injective module in . Hence A is a τ-quasi-injective module in . [5] . For the reader's convenience, we recall some preliminary lemmas. We will consider the same definition of a -cocritical module for a τ-natural class as in the case of a natural class .
Now consider the following condition. (C) For every ascending chain
I 1 ⊆ I 2 ⊆ ··· of left ideals of H (R), ∞ j=1 I j ∈ H (R)
Lemma 2.10 (see [5, Lemma 4]). Let be a natural class and let A be a -cocritical module. Then A is uniform and any nonzero homomorphism from a submodule of A to a module of is a monomorphism. In particular, the class of -cocritical modules is closed under nonzero submodules.

Lemma 2.11 (see [5, Lemma 6]). Let be a natural class. If condition (C) holds, then every cyclic module in has a -cocritical homomorphic image.
Lemma 2.12 (see [5, Lemma 7] ). Let A be a module and let a 1 ,...,a n ∈ A. If all homomorphic images of Ra 1 ,...,Ra n which are submodules of E(A) have finite uniform dimension, then E(Ra 1 ) + ··· + E(Ra n ) has finite uniform dimension. Now we are able to prove the following result, but for a natural class .
Theorem 2.13. Let be a natural class and suppose that condition (C) holds and every τ-quasi-injective module in is τ-injective. Then H (R) has ACC on τ-dense left ideals.
Proof. Suppose that I 1 ⊂ I 2 ⊂ ··· is a strictly ascending chain of τ-dense left ideals of H (R). Then I j+1 /I j ∈ for each j. By Lemma 2.11, there exist U j and V j+1 such that I j ⊆ U j ⊂ V j+1 ⊆ I j+1 and V j+1 /U j is a cyclic -cocritical module. Since I j is τ-dense in R, V j+1 is τ-dense in R, so that V j+1 /U j is τ-dense in R/U j . Now let α j : V j+1 /U j → E τ (V j+1 /U j ) be the inclusion homomorphism for each j. By the τ-injectivity of E τ (V j+1 /U j ), there exists a homomorphism β j : R/U j → E τ (V j+1 /U j ) that extends α j . Denote I = ∞ j=1 I j and
It is easy to check that f is a well-defined homomorphism. Let
be the τ-quasi-injective hull of A (see [1, Proposition 5.1.7] ). We have E τ (A) ∈ , hence Q ∈ . Then Q is τ-injective. Since I is τ-dense in R, there exists a homomorphism g : R → Q such that the following diagram, where the unspecified homomorphisms are inclusions, is commutative:
Then we have g (1) 
for some positive integers t and s, whence it follows that f (I) ⊆ N. By Lemma 2.10,
. By Lemma 2.12 and again by Lemma 2.10, N has a finite uniform dimension.
On the other hand,
. Similarly, for each positive integer n, we have
But this means that E( f (I)) and, consequently, f (I) have infinite uniform dimension, a contradiction.
Proposition 2.14. Let σ be a hereditary torsion theory such that τ ≤ σ and let be the class of all σ-torsion modules. Suppose also that every τ-quasi-injective module in is τ-injective.
Then H (R) has ACC on τ-dense left ideals.
Proof. Clearly, is a τ-natural class. Note also that the set of all σ-dense left ideals of R is exactly H (R), hence condition (C) holds for . Let A be a -cocritical module.
If there exists a nonzero submodule B of A, then A/B is σ-torsion, that is, A/B ∈ , a contradiction. Hence A is simple and thus uniform. Therefore every -cocritical module is simple. We mention that Lemma 2.11 holds for this particular τ-natural class , the proofs being identical. Note also that since every τ-torsion module is σ-torsion, the set of τ-dense left ideals of R is contained in H (R). Now the result follows by the same arguments as in the proof of Theorem 2.13.
The following result on τ-quasi-injective modules will be useful.
Proof. The proof is immediate, using the fact that if C is a fully invariant submodule of a module B, then C (I) is a fully invariant submodule of B (I) for every set I. Theorem 2.16. Let be a τ-natural class and suppose that every τ-quasi-injective module in is -τ-quasi-injective. Then H (R) has ACC on τ-dense left ideals.
Proof. Let I 1 ⊆ I 2 ⊆ ··· be an ascending chain of τ-dense left ideals of R such that each I j ∈ Ᏼ (R). Denote E j = E τ (R/I j ) and A = ∞ j=1 E j . Clearly each E j ∈ , hence A ∈ . Let p j : A → E j be the projection and consider the following diagram, where the unspecified homomorphisms are inclusions:
Since A is τ-dense in E τ (A) and E j is τ-injective, there exists a homomorphism q j : 
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As a multidisciplinary field, financial engineering is becoming increasingly important in today's economic and financial world, especially in areas such as portfolio management, asset valuation and prediction, fraud detection, and credit risk management. For example, in a credit risk context, the recently approved Basel II guidelines advise financial institutions to build comprehensible credit risk models in order to optimize their capital allocation policy. Computational methods are being intensively studied and applied to improve the quality of the financial decisions that need to be made. Until now, computational methods and models are central to the analysis of economic and financial decisions.
However, more and more researchers have found that the financial environment is not ruled by mathematical distributions or statistical models. In such situations, some attempts have also been made to develop financial engineering models using intelligent computing approaches. For example, an artificial neural network (ANN) is a nonparametric estimation technique which does not make any distributional assumptions regarding the underlying asset. Instead, ANN approach develops a model using sets of unknown parameters and lets the optimization routine seek the best fitting parameters to obtain the desired results. The main aim of this special issue is not to merely illustrate the superior performance of a new intelligent computational method, but also to demonstrate how it can be used effectively in a financial engineering environment to improve and facilitate financial decision making. In this sense, the submissions should especially address how the results of estimated computational models (e.g., ANN, support vector machines, evolutionary algorithm, and fuzzy models) can be used to develop intelligent, easy-to-use, and/or comprehensible computational systems (e.g., decision support systems, agent-based system, and web-based systems)
This special issue will include (but not be limited to) the following topics:
• Computational methods: artificial intelligence, neural networks, evolutionary algorithms, fuzzy inference, hybrid learning, ensemble learning, cooperative learning, multiagent learning
• Application fields: asset valuation and prediction, asset allocation and portfolio selection, bankruptcy prediction, fraud detection, credit risk management • Implementation aspects: decision support systems, expert systems, information systems, intelligent agents, web service, monitoring, deployment, implementation
